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ABSTRACT 

For a closed connected triangulated n-manifold M, we study some numerical 
invariants (named category and covering numbers) of M which are strictly 
related to the topological structure of M. We complete the classical results of 
3-manifold topology and then we prove some characterization theorems in 
higher dimensions. Finally some applications are given about the minimal 
number of critical points (resp. values) of Morse functions defined on a closed 
connected smooth n-manifold. 

1. Notations 

Let Nn be the set (0, 1, . . . ,  n } and N~ = Nn - (0}. For  a set .4, the symbol 

card(A) means the cardinali ty of  A. I f  X is a topological space, then Hq(X) 

(resp. flq(X)) denotes the q-th integral (resp. reduced) homology group of  X for 

each integer q > 0. Further  Hq(X; Z2) (resp. /tq(X; Z2)) represents the q-th 
(resp. reduced) homology group of  X with mod  2 coefficients and FIq (X) means 

the q-th (q _-> l) homotopy group of  X. 

Given a group G, the direct sum G ~ • • • ~) G (p times, p >_- 1) will simply be 

written as pG. 
Throughout  the paper we will work in the piecewise linear (PL) category in 

the sense o f  [G1] and [RS]. The prefix PL will always be omitted.  Manifolds will 

be compact  and connected. Given an n-manifold  M ~, OM and Int(M) denote 

the boundary and the interior of  M respectively. M is said to be closed i f  OM is 
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empty. I f P  is a compact polyhedron in M, then N(P;  M )  represents a regular 

neighbourhood of P in M (see [RS, p. 33]). The interior and the closure of P in 
M will be denoted by Int(P; M) and cl(P; M) respectively. P is said to be 

bicollared in M if there exists an embedding f :  P × [ - 1, 1] --, M such that 
f ( x ,  O) = x for every point x ~ P. An n-bal lB n is an n-manifold homeomorphic 
to a standard n-simplex. The n-sphere S ~ is the boundary of an (n + 1)-ball. 
For n _-> 2, the symbol S t ® S ~- 1 (resp. S 1 @ B n - 1) means either the topological 
product S I × S ~ -1 (resp. S 1 × B n- 5) or the twisted S ~- 1 (resp. B ~ -i)  bundle 

over S I. Furthermore k ( S  l @ S  ~- 1) and ko(S 1 ® B  ~- 1) denote the connected 

sum and the boundary connected sum (see [R, p. 39]) of  k (k _>- 1) copies of 
S I @ S  n-I and S ~ @ B  ~-1 respectively. If k = 0 ,  we set k ( S I @ S ~ - ~ ) = S  n 

(n-sphere) and ko(S l ~ B ~ - l) = B ~ (n-ball). 

A closed n-manifold M is said to have a topological handle if M is 
homeomorphic to a connected sum M ' # ( S 1 ~ S  ~-~) for some closed n- 
manifold M'. Otherwise Mis  called a handle free n-manifold (see [T2]). We say 
that M is trivial (resp. non-trivial) i f M  is (resp. is not) the n-sphere. A closed n- 
manifold M is prime iff M = MI #M2 implies that Mi or M2 is trivial. M is 
irreducible iff each (n - 1)-sphere in M bounds an n-ball in M. Obviously 
irreducible n-manifolds are prime and handle free prime n-manifolds are 

irreducible (see [HI, [BD]). 

Let now M be an n-manifold with non-empty boundary and let H be an n- 
ball such that M (3 H cc_ OM. If there exists a homeomorphism f :  B p × 
B ~-p--, H w i t h f ( O B  p × B  ~-p) ---H N M, then we say that H is a handle o f  

index p attached to M (see [RS, p. 74]). Obviously the polyhedron X = M U H 
is again an n-manifold. If M is an n-manifold, then a handle decomposition of 
M is a presentation M = Ho U Il l  t_J • • • O ti t ,  where H0 is an n-ball and Hi 
(i >_- 1) is a handle attached to Mi- i  = l,.J {I-IJj < i - 1}. Any manifold M 
admits a handle decomposition, i.e. M can be regarded as constructed from a 

ball by attaching handles of various indices (see [RS, p. 82]). 

As general references for 3-manifold topology see [H], [BD] and JR]. For 

algebraic topology we refer to [Sp], [Maun], [Sw] and [HW]. 

2. Covering numbers of manifolds 

Let X be a topological space. The Lustern ik-Schnire lmann category of X, 
written cat(X), is the smallest number of contractible closed (resp. open) sets 

which are required to cover X (see [LS], IF], [Ga], [Gi]). The category is an 

invariant of  the homotopy type, i.e. if X and Y are two topological spaces with 
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the same homotopy type, then cat(X) = cat(Y) (see [F, p. 342]). Recall that a 

closed n-manifold has category 2 iff it is a homotopy n-sphere (see [Si, 

p. 413]). 
Let M" be a closed n-manifold. Another classical invariant of  M is the 

minimum number C(M) of n-balls needed to cover M(see [Si], [Mi]). We have 
the inequalities 2 < cat(M) < C(M) ~ n + 1 as proved in [Z]. Moreover C(M) 
coincides with cat(M) whenever cat(M) > ½ n + 2 and n > 4 (see [Si], prop. 

6.2). The main interest about these invariants is given by their close connec- 
tion with classical problems of manifold topology as the Poincare and Schoen- 

flies conjectures (see [KT], [Si], [F], [Z]). Minimal ball coverings of manifolds 

were also studied by several authors besides the above-mentioned ones (see 
references of the quoted papers). In the present section we consider ball 

coverings of closed n-manifolds whose n-balls have nice intersection proper- 
ties in the sense of the following definitions (see [CG]). 

DEFINITION 1. Let M" be a closed n-manifold and let B = {B~/i El}  be a 

finite set of  n-balls in M such that U B = M. Then B is called a Po-ball covering 
(resp. Pl-ball covering) of M iff Bi A Bj = OBi A OBj has (n - 1)-manifolds 
(resp. (n - 1)-balls) as connected components for each i, j E I, i ~ j .  

The concepts of P0- and P~-ball coverings of a manifold M were first 
introduced in [KT] and [FG] with the names of  ball coverings and strong ball 
coverings of M respectively. 

DEFINITION 2. With the above notation, B is called a P~-ball covering of  
M" iff the components of the intersection 

n {B/ jEJ}  = n (OB/jEJ} 

are (n - h + 1)-balls for every subset J o f I  with card(J) = h (~N~+~ - {1}. 

The notion of P2-ball covering of a manifold was first introduced in [P] with 
the main goal of  finding minimal atlases of  balls for closed manifolds. The 

analogous problem for manifolds with non-empty boundary was solved in 

[CGI. 

Now we define the Pccovering number, written br(M), of M(rEN2) as the 
minimum number of  n-balls of  the Pr-ball coverings of M, i.e. 

br(M) = min{card(B)/B is a/ ' ,-ball covering of  M}. 
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Obviously 2 _-__ cat(M) < C(M) =< b0(M) _-< bl(M) < b2(M) and bo(M) = 2 (resp. 
hi(M) = 3, dim(M) = n >_- 2) iff 3/" is trivial. The following results are well- 
known: 

PROPOSITION 1. 

(a) I f  M" is a closed n-manifold, then b2(M) = n + 1 (see [P]). 

(b) I f  M" is a homology n-sphere and bo(M) < 3, then M" is trivial ([KT], 
prop. 3.2). 

I f  M" (n > 5) is a contractible n-manifold, then bo(M) < 3 ([KT], p. 
13s). 

(c) I f  M" (n = p + q; p, q >= 1) is a p-sphere bundle over a q-sphere, then 
bo(M) < 4. Further, i f M  has a cross section, then ho(M) < 3 ([T1], p. 
116). 

(d) I f  M 4 is a homotopy 4-sphere, then b o ( M # k ( S  2 × $2)) _-< 3 for some 
integer k ~ 0 ([KT], prop. 3.7). 

(e) I f  M 3 is a closed 3-manifold, then bo(M) = 3 i f f  M is homeomorphic to 
k(S '  ~ S 2 ) f o r  some integer k >_- 1 ([KT], th. 4.3; [HM], main theorem). 

Let now B be a/ ' ,-ball covering of  a closed n-manifold M ( r  ENI). Then the 
intersection of  any h (3 _-< h _-< n + 1) n-balls o r b  has (n - h + 1)-manifolds as 
connected components. The proof can be directly obtained by using the same 
methods (transversality and general position) described in [Si] (point d, p. 397) 
for categorial fillings of a manifold. 

For a closed one-manifold M1(-- ~ $1), the above definitions trivially coin- 

cide, whence cat(M) = C(M) = b0(M) = bl(M) = b2(M) = 2. In dimension 
two, each P~-ball covering of  a closed surface is just a P2-ball covering. Thus we 
have cat(M) = C(M) = b0(M) = ba(M) = b2(m) = 3 i f fMis not trivial (see also 
[F, p. 354]) and cat(S 2) = C(S 2) = bo(S 2) = 2, bl(S 2) = b2(S 2) = 3. For a closed 

3-manifold M 3, the P,-covering numbers of M are calculated as follows: 

( 1 ) b 0 ( m ) = 2  (resp. b l ( M ) = 3 )  iff M is trivial; (2) b0(M)=3  iff 
M ~--k(S ~ ® S  2) for some integer k > 1 (see prop. 1, point (e)); (3) if  M is a 

non-trivial handle free 3-manifold, then b0(M) = bl(M) = b2(M) = 4. 

In the present paper we are interested in computing the category and the 

/',-covering numbers ( r~Nl )  for many closed manifolds. We complete the 

classical results of  3-manifold topology and then we prove some characteriza- 

tion theorems in higher dimensions. Finally some applications are given about 

the number of critical points (resp. values) of  Morse functions. 
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3. Comparisons 

Let M n be a closed n-manifold (n > 3). Now we compare the previous 

definitions of  P,-ball coverings of  M. 

PROPOSITION 2. Let M 3 be a closed 3-manifold with H2(M) = O. Then each 

Po-ball covering B = {BJi EN3} o f  g is a P2-ball covering o f  M.  

PROOF. Since H2(M)= O, the manifold M is orientable; otherwise 
H3(M) = 0 and H2(M) has non-nuU torsion. Then the intersection of  any two 

3-balls of  B has 2-balls as connected components (see [KT], th. 4.4). If  
( i , j , h, k) is a permutation of N3, we set B = { Bi, Bj, Bh , Bk }. Obviously we 

have 

H3(Bi U Bj t3 Bh) = H3(M -- Int(Bk)) = 0. 

Now it remains to show that HI(B~ N B i tq Bh) = O, i.e. each component of the 
one-manifold Bi N Bj tq Bh must be an arc. Using the Mayer-Vietoris sequence 

(written (M, V)-sequence) of the pair (Bi N Bj, Bh), we get 

0 = H2(B i f~ Bj)~H2(Bh) ' H2((Bi Cl B/) U Bh) 

, H,(Bi N B: A Bh) , H,(B, A Bj)~H,(Bh)  = O, 

whence H~(B~ A B: N B~)~-- H2((B~ A B~) t.J Bh). The (M, V)-sequence of the 
pair (Bi t3 Bh, Bj t_J Bh) gives 

o = n3(Bi u Bh) H3(Bj U Bh)-----" H3(B, U Bj U Bh) 

, H2((B, N Bj) U Bh) ' H2(B, U Bh)~H2(B j L) Bh) = 0, 

since Hq(B i U Bh) ~ ISIq_ i(Bi n Bh). This implies that 

H~(B, N Bj N Bh) ~-- H2((B, N Bj) U Bh) ~-- H3(B, U Bj U Bh) ~ 0 

as requested. • 

PROPOSn'ION 3. Let M 3 be a closed 3-manifold with 1-I2(M) = 0. Then each 

Po-ball covering B = {BJi EN3} o f  M is a P2-ball covering o f  M.  

PROOF. The assumption II2(M) = 0 implies that 

H2(B, U Bj) = H~(B, N Bj) = 0 

for each pair i , j E N 3 ,  i ~ j  (see [KT], th. 4.5). The proof also works in the 

non-orientable case. Thus we have 
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H~(B, n B j n  Bh) ~ "  H2((B, N Bj) U Bh) ~-- H3(B, U Bj U Bh) 

for any subset { i , j , h }  c N3 (see the proof of Proposition 2). Since 

H3(Bi U Bj U Bh) ---- 0 for any M, no matter whether it is orientable or not, the 
proof is completed. • 

PROPOSITION 4. 

(1) Let M a be a closed prime handle free 3-manifold. Then each Po-ball 
covering B = {Bi/i ~N3} of  M is a P2-ball covering of  M.  

(2) Let M 3 be a closed 3-manifold. Then each Pl-ball covering B = 
{BJi EN3} of  M is a PE-ball covering of  M.  

PROOF. 

(1) Such a manifold M is irreducible, whence I-I2(M) = 0. Now use Proposi- 

tion 3. 
(2) For any subset {i, j ,  h} c N3, we have H3(Bj U Bj U Bh) = 0 and 

H2(Bi U Bj) ~ Ht(Bi tq Bj) ~-- O. Thus the proof is obtained as shown in Propo- 
sitions 2 and 3. • 

EXAMPLe. Now we construct a P0-ball covering B = {BJi ~Na} of a non- 
prime closed 3-manifold which is not a P2-ball covering. Let M~ (i = 0, 1) be a 
closed prime 3-manifold and let Bi = (B~,j/j ~N3} be a P2-ball covering of  Mi. 
Let D~ be a 2-ball contained in B~, 0 tq B~. ~ for each i = 0, 1. If xt is a point of  

Int(Di), let R~ = N(x~;M~) be a small regular neighbourhood of  x,. in M~ 

(i = 0, 1). Let f :  ORo -~ OR~ be a homeomorphism between two 2-spheres such 
thatf(ORo f3 Bo, j) -~ ORI tq B~,j for each j  = 0, 1. Then the dosed 3-manifold 

M2 = (M0 - Int(R0)) U (M~ - Int(R0) 
f 

is the connected sum Mo#M~. Obviously 

Bj = ( B o ,  j - Int(R0)) U ( B I ,  j - -  Int(Rl)) 
f 

is a 3-baU in M2 for each j = 0, 1. By construction, there is a component of 

B0 N B~ which is homeomorphic to the annulus 

(Do - Int(Ro)) U (Dl - Int(R0). 
f 

Further the 3-balls Bi, 2 and B~,3 (i = 0, 1) are both contained in M2 (up to 
homeomorphism). Let now y~ be a point of  Int(Bi,2 N B~, a) and let T~ = 
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N(Yi; M2) be a small regular neighbourhood of  y; in M2 (i = 0, 1). Since 

Boj N B~,h is empty for each j ,  h > 2, it follows that To A 7"1 is also empty. Let 

g :OT0~ OTt be a homeomorphism between two 2-spheres such that 

g(OTo A Bo,j) = OTt N B~,j for each j = 2, 3. Now we consider the closed 3- 
manifold M3 obtained from 34: - (Int(T0) U Int(T~)) by identifying OTo with 
OTt via g. Then M3 is homeomorphic to the connected sum M2#(S  ~ ® S  2) (see 

[H], lemma 3.8, p. 27). Obviously 

Bj = (Bo.j - Int(To)) I,.J (Bl.j -- Int(Ti)) 
g 

is a 3-ball in M3 since B0,j • B~,j is empty for each j  = 2, 3. Moreover the two 

3-balls B0 and Bl are both contained in M3 (up to homeomorphism). Thus M3 
admits a Po-baU covering B -- {Bi/i ENd) which is not a P2-ball covering. 

PROPOSITION 5. Let M 4 be a closed 4-manifold with H3(M) = 0. Then each 
Pl-ball covering B = {BJi EN4} of  M is a P2-ball covering of  M.  

PROOF. Let ( i , j ,  h, k, r) be a permutation of  N4. The statement is proved if 
we show the following facts: 

(a)  HI(B, tq Bj N Bh) = 0; 

(b) Hi(B, A Bj N Bh N Bk) = O. 
The result (a) implies that H2(Bi f3 B i N Bh) = 0, and therefore each compo- 

nent ofBi N Bj A Bh must be a 2-ball. In fact B~ A Bj N Bh is a disjoint union of  
surfaces contained in Bi ¢q Bj = OBi A OBj. If there exists a 2-sphere S ~ in 

Bi N Bj N Bh C Bi (q Bj (i.e. H2(Bi A Bj N Bh) :~ 0), then S 2 N CgBh must contain 
a circle so that HI(B~ N Bj fq Bh) #: 0, a contradiction. 

(a) Using the (M, V)-sequence of the pair (Bi A Bj, Bh), we get 

0 = H2(B i A B j ) (~H2(Bh)  , H: ( (B  i CI Bj) t,J Bh ) 

, HI(B, (q Bj N Bh) , H,(B, f7 Bj)OH~(Bh) = O, 

where H,(Bi tq B j n  Bh) "~ H2((B~ N Bj) U Bh). The (M, V)-sequence of  the pair 
(Bi u Bh, Bj U Bh) gives 

0 = H3(B , U B h) (~) H3(B j U Ba) ~ H3(B, U B s U Bh) 

, H:((B, N Bj) U Bh) , H:(B, U Bh)~H:(Bj  U Bh) = 0 ,  

since Hq(Bi U Bh) "" flq_ i(Bi f') Bh) and Bi ~ Bh has 3-balls as connected com- 
ponents. Thus we have 
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H~(B~ N By n Bh)'~" H2((B, n By) U Bh)"  H3(B, U By U Bh). 

Note that the manifold M is orientable since H3(M) = 0 and therefore 

H4(M - Int(B,)) ~" H4(B~ U By U Bh U Bk) = O. 

Now we prove that H3(B~ U By U Bh U Bk) = 0. In fact, using the (M, V)- 

sequence of the pair (B~ U By U Bh U Bk, Br), we obtain 

0 = H,(B, U By U Bh U Bk) ~) H4(Br) , H,(M) 

~--- Z ' H3((B i U Bj U Bh U Bk) n Br) 

= H3(OB~) ~ Z , H~(B, U By U Bh U Bk) ~ H~(B,) ' H3(M) = O, 

whence 0 , Z , Z , H3(B~ O By U Bh U Bk) ' 0. Obviously this 
short sequence implies that H3(B~ U By U Bh U Bk) = O. 

Now we prove that H3((Bi U By U Bh) n Bk) = 0. Setting 

X f  (B, U By U Bh) O Bk, 

then Xis a (possibly non-connected) 3-manifold with boundary in the 3-sphere 
OBk. IfX~ (i ENm) is a component of X, then by the Lefschetz duality we have 

H3(X) "-" H°(X, OX) " FHo ( ? X~, ? OX~) "-. (m + 1)Ho(Xi, OX~) "~ O 

since OX~ is non-empty. Using 
(Bi U Bj U Bh, Bk) we get 

0 = H3((Bi U Bj U Bh) n Bk) 

the (M,V)-sequence of the pair 

, H~(B, u By u Bh)OH3(Bk) 

, H3(B, usy U~h u Bk) = 0, 

which implies that H3(B~ U Bj U Bh) "" H~(Bi n Bj o Bh) = 0 as requested. 
(b) The (M, V)-sequence of the pair (B~ n Bj O Bh, Bk) gives 

O=HE(B, NBjNBh)(~H2(Bk) ' H2((BiNBjNBh) UBk) 

" Ha(B, n B: N Bh n Bk) . Ha(B, n B jn  Bh)~H~(Bk) = 0 

whence Hl(Bi n B jn  Bh n Bk) ~-- HE((Bi n B jn  Bh) U Bk). Using the (M, V)- 
sequence of the pair (B~ n Bj, Bk) we get 

0---- H~(B, ABj)~Hq(Bk) , Hq((B, ABj)UBk) 

, Hq_ i(Bi n By n Bk) = 0 
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for q = 2, 3, which implies that 

Hq((B, n Bj) U Bk) = Hq((B, U Bk) n (Bj u Bk)) = 0 (q ---- 2, 3). 

Since (B in  Bj n Bh) U Bk = (Bi U Bk) n (Bj u Bk) n (Bh U Bk), the (M, V)-se- 
quence of the pair ((Bi U Bk) n (Bj u Bk), Bh U Bk) gives 

0 = H3((Bi U Bk) n (Bj U Bk))(~H3(B h U Bk) 

' H3((Bi U Bk) n (Bj u Bk) U (Bh U Bk)) 

' H2((Bi n B j n  Bh) U Bk) 

, H2((B, u Bk) n (Bj u Bk))~H2(Bh U Bk) = O, 

and therefore 

H~(B~ n B j n  Bh n Bk) "~ Hz((Bi n B j n  Bh) U Bk) 

"~ H3((B i U nk)  n (Bj U nk) U (n  h U nk)  ) "~ n3((ni  n Bj) u g h U nk) , 

where (B~ U Bk) N (Bj U Bk) U (B h U Bk) = (B i n Bj) u B h U B k. Since 

(Bi n Bj) U Bh U Bk = (Bi U Bh U Bk) n (Bj U B h U Bk), 

the (M, V)-sequence of  the pair (B~ U B h U Bk, Bj U n h U Bk) gives 

0 = H4(Ba U Bj U Bn U Bk) ' H3((B/U Bh U Bk) n (Bj u Bh U Bk)) 

' H3(B i U Bh U B k ) ~ ) n 3 ( n j  U B h U Bk) = O, 

whence H3((B~ U Bh U Bk) n (Bj U Bh U Bk)) = 0. Thus the sequence of  iso- 
morphic groups 

H~(B~ n B j n  Bh n Bk) = H3((B~ U Bk) N (Bj U Bk) U (B h U Bk) ) 

"~ H3((B i U B h U Bk) n (Bj u B h U Bk)) "~ 0 

concludes the proof. • 

As a direct extension of Proposition 5, we have the following 

PROPOSrrIoN 6. Let M" be a closed n-manifoM with H,_~(M)= O. Let 

B = { B , / i ~ N , }  be a Po-ball covering o f  M such that the components o f  

A ( B / j E J }  are (n - h + 1)-balls for each J c_ N,,  card(J) = h and 2 < j  < 

n - 2. Then B is a P2-ball covering o f  M.  
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4. A characterization theorem 

In this section we get a classification of the dosed 4-manifolds M 4 with 
bl(M) = 4. Some results are also proved about closed n-manifolds with 

P~-covering number equal to four. 

PROPOSITION 7. Let M" be a closed orientable n-manifold (n >= 4) with 

b~(M)--4. I f  B = {BJ i~N3}  is a Pi-ball covering o f  M,  then Hq(M)= 0 
(2 <_-- q _-< n - 2) and HI(M)~--H,_I(M)~--(r - 1)Z, where r is the number of  

components ofB~ A Bjfor each i , j ~ N 3  (i ~ j). 

PROOF. Let ( i , j ,  h, k) be a permutation of N3. The union B; U Bj collapses 
to the suspension Y~(B,- ~ B:) of  Bi N Bj. Since B~ :3 Bj is a disjoint union of  
(n - 1)-balls, Z(Bi N Bj) collapses to a graph G formed by two vertices joined 

by r edges, where r is the number of components of  B~ N Bj. This implies that 
Bj to Bj --~(r - 1)0(S l X B "-1) since B~ to Bj is a regular neighbourhood of G in 

the orientable n-manifold M. Noting that O(Bg tO Bj)= O(Bh tO Bk), we also 
have Bh tO Bk ".'(r -- 1)0(S l X B"-t).  The (M, V)-sequence of the pair 

(Bi to Bj, Bh to BK) gives Hq(M) = 0 (3 < q < n - 2) if n > 4 and H, _ ~(M) 
(r - 1)Z if n >_- 4. Furthermore, using the exact sequence 

0 = H2(B, U Bj)~)H2(Bh U Bk) ~ Hz(M) , Hl((r -- 1)(S' X S"-2)) 

, Hi(B, U Bi)~)H~(Bh U Bk) ' HI(M) , 0  

we get 0--, H2(M)~ (r - 1 )Z~  2(r - 1 )Z~  Hi(M)--, O, whence H2(M) has 

no torsion. By the Poincar6 duality, we have 

H~(M) = H" - ' (M)  "-" FH,_ I(M) ~) TH,_2(M) "~ (r - 1)Z 

since H,_I(M) "" (r - 1)Z, H,_2(M) -- 0 for n > 4 and H2(M) has no torsion 

for n = 4. Thus the exact sequence 

0--, H2(M)--, (r - 1)Z-,  2(r - 1)Z-~ (r - 1)Z-.  0 

yields H2(M) = 0. This completes the proof. 

PROPOSITION 8. 

(a) Let M" be a closed simply connected n-manifold. I fb l (M) < 4, then M is 

trivial. 
(b) Let M 2" be a closed orientable (2n )-manifold with Euler characteristic 

x ( M  2~) = 2. I fb l (M) < 4, then M is trivial. 
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PROOF. 
(a) For  such a manifold  M ,  the sequence o f  isomorphic  groups I]~(M)~-- 

H~(M) ~ (r - 1)Z ~-- 0 yields r = 1 (see Proposi t ion 7). Thus 8t U Bj --~ 84 U 

Bk is an n-ball and M is the union o f  two n-balls with c o m m o n  boundary .  

(b) Using Proposi t ion 7, we have 

x ( M  2n) -- 1 - (r - 1) + ( - 1)2~-~(r - l) + ( - l)  2~ = 4 - 2r -- 2, 

whence r = 1. N o w  (b) follows as shown in (a). • 

PROPOSITION 9. 

(a) Let M 4 be a closed 4-manifold. Then b~(M) = 4 i f f M  is homeomorphic to 
k (S  l ®sa)  for some integer k > 1. 

(b) I f  M 4 is a closed non-trivial handle free 4-manifold, then bl(M) -- 5. 

PROOF. 
(a) Let B -- {Bi/i EN3} be a Pi-ball covering o f  M 4. Not ing that 

B0 U B1 --~ B2 U B3 --~ (r - 1)0(S 1 @B3), 

the s ta tement  follows from th. 2 of  [Mo]. 

(b) is a direct consequence of  (a). • 

5. Punctured manifolds 

In order  to prove the following s tatements  we need some definitions. 

DEFINITION 3. Let B" be an n-ball and let B~ . . . . .  8~ be a finite number  o f  

pairwise disjoint  n-balls contained in the interior o f  B.  The n-manifold  
cl(B - 1,3k_ ~ Bi; B) is called a k-punctured n-ball, written P~(k) (see [H, p. 29]; 

[KT, p. 139]). 

DEFINITION 4. A k-punctured n-handle is an n-manifold  with boundary  

obta ined  by  taking the interiors o f  k disjoint  n-manifolds  F ~ , . . . ,  Fk (where 
Fi ~ (ri)a(S I ® B ~- l), i E N~k) out  of  the n-manifold  r(S l @ S ~- ~). 

Ifr~ = 0 for each i EN~k, then we take the interiors o f k  disjoint  n-balls out  o f  
r(S 1 (~ S n - i). 

I f  r~ -- 0 for each i EN~k and r = 0, then a k-punctured  n-handle is jus t  a 

(k - 1)-punctured n-ball in the sense o f  Definit ion 3. 

N o w  we prove the following result: 

PROPOSITION 10. Let Pr(k~) be a krpunctured n-ball (i =- 1, 2) and let 

Qr - l  c OPr(k~) be a (possibly non-connected) (n - 1)-manifold such that each 
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component ofOQ~ -lis an (n - 2)-sphere bicollared in OP~(k~). I f f  : Q1 ---' {22 is a 
homeomorphism, then the n-manifold M" = Pf(kOt.J/P~(k2) is a punctured 
n-handle. 

PROOF. In the present proof each submanifold left unchanged in any 

quotient space will be denoted by the same symbol. By the generalized 

Scho~nflies theorem (see [R, p. 34]), the components of  Q~-1 (i = l, 2) are 

either (n - 1)-spheres or punctured (n - 1)-halls. Let 

Wi={S~.-( 1 . . . . .  S ~  1} and V~={P~,-{~(hx),...,P~,~(hq)} 

be the set of  ( n  - 1)-s.pheres and the set of  punctured (n - 1)-balls in Q ~ - - I  

(i = 1, 2) respectively. Without loss of  generality we can always suppose that 

f (S~-f l )=S~,f  I (j" ~N~p) and f(P':,71(hr))= P;-/l(hr) (r~N~q). If  WI is non- 

empty, let fl be the restriction of f to t,3W~. Then the adjunction space 
Mi = P~(kl)1.3~ P;(k2) is the n-manifold obtained by taking the interiors of  

kl + k2 - 2p disjoint n-balls out o f (p  - 1)(S 1 ~ S " -  i). If  V1 is empty, then the 

proof is completed since M" = Mr. 
Otherwise, let SF -1 be the (n - 1)-sphere of 0Mi which contains P~ i- ~(hl) for 

i = 1, 2. The closure cl(S~ - I  - P ~ , l l ( h l ) ,  S~ - I )  is a disjoint union of hi + 1 

(n 1)-balls, say B~o I . - i  - , . . . . .  Bi, h, • Thus the restr ict ionf ~'th,) can be extended 

to a homeomorphism f2 : S~ - 1 ~ S~- ~ such that f2(Bl,j"- ~ ) -- B2,j"- t for each 
j ~ Nh,. Let M2 be the n-manifold obtained from M1 by identifying S~- ~ with 
S ~  -- I via f2. Obviously M2 is homeomorphic to the manifold obtained by taking 

the interiors ofk~ + k2 - 2p - 2 disjoint n-balls out ofp(S I @S "- 1). Let 3//3 be 
the n-manifold obtained from M2 by duplicating each n-ball B~, i 1 = ¢ t B .  - 1 J21, I , j  J, 

j ~ Nh~, into two copies with common boundary. Thus Ma is homeomorphic to 
p(S ~ @ S  ~ -t) minus the interiors ofk~ + k2 - 2p + hi - 1 disjoint n-balls. Let 
now Tr - i (i = 1, 2) be the (n - 1)-sphere of 0M3 which contains P~, ~ l(h2). The 
closure cl(T/~-I -Pr,~l(h2); T; -1) is a disjoint union of hE + 1 (n -- 1)-haUs, 

say Di%l , . . .  ,D~h-~ ~ (i = 1, 2). There are two possible cases according to 

whether or not the (n - 1)-spheres T~- ~ and T~-t coincide. 
If  T~ -1 ~ T~ '-1, i.e. T~ -1 N T~ -1 is empty, let f3 : Tg -1 -, T~ -1 be a homeo- 

morphism which extends the restriction fl~;'th~). The indices can always be 

chosen so that f3(D~,~- 1 ) --- D2n,~ - I (] ~ Nh2)" 
Let M4 be the n-manifold obtained from M3 by identifying T~ - 1 with T~ - 1 

via f~. Thus M4 is homeomorphic to (p + 1)($1 @ S n- 1) minus the interiors of  

kl + k2 - 2p + hi - 3 disjoint n-balls. Let Ms be the manifold obtained from 

M4 by duplicating each n-ball D2n, f I = f~(Din-jl), j ~Nh~, into two copies with 
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common boundary. Obviously 345 is also obtained by taking the interiors of 
kl + k2 - 2p + ht + h2 - 2 disjoint n-balls out o f ( p  + 1)($1 ®Sn-t ) .  

In the other case, i.e. T~ -t  = T; -I in OMa, let D~h~ ~ (i = 1, 2) be the unique 

(n - 1 )-ball of  the closure cl(T~ - 1 _ PF, ~- t(h2); T~' - 1) which contains P]'L-i 1, 2 (h2). 

The restriction fl~;'(h2) can be extended to a homeomorphism 

f4" cI(T? -1 Dn-l" 1) _ D n - l .  -1). - I,h2, T f -  ~ cl(T~ -1 2, h2 , T? 

By A~t4 we denote the n-manifold obtained from M3 by identifying 
cl(T?- 1 Dn-l .  ~-1. 1,h2, T?- ' )  with cI(T~ -t  - -  - - D 2 ,  h2 , T~ -1) via f4. Thus A~r4 is homeo- 
morphic to (p + 1)(S1@S ~-1) minus the interiors of k~ + k2 - 2p + hi - 1 
disjoint n-balls and minus the interior of  the submanifold 2a(S I @B ~- 1) (2 = 1 
for the first step). Here 2o(S 1 @B ~- 1) is disjoint from the above-mentioned 

n-balls, too. Let At5 be the n-manifold obtained from AI4 by duplicating each 

n-ball D2~71 = A(D~-: ~), j E Nh~_ t, into two copies with common boundary. 
Then AI 5 is homeomorphic to (p + 1)(St@S ~-1) minus the interiors of 

kl + k2 - 2p + h~ + h2 - 1 disjoint n-balls and minus the interior of  
2a(S l @B~-~). Finally, the statement follows by iterating the previous con- 

structions. • 

Now the following propositions are direct applications of Proposition 10. 
First we give an alternative simple proof of  the main theorem of  [KT] and 
[HM] (see (E), prop. 1, sect. 2). Then we prove some new results for manifolds 

whose dimensions are greater than three. 

STATEMENT (E). PROPOSITION 1. An alternative simple proof. 

PROOF. Let M 3 be a closed 3-manifold with b0(M) = 3. I fB = (Bo, B1, B2} 
is a P0-ball covering of M, then we set 

W = Bo U B1 = M - Int(B2) and Q = Bo N BI = OBo ¢q OBI. 

Obviously 0 W = OB2 is a 2-sphere and M is the manifold obtained from W by 
capping off the 2-sphere component of 0 W with a 3-ball. It is very easy to see 

that the components of  the bordered surface Q are punctured 2-balls. Further- 

more each 1-sphere of dQ is bicollared in OBo (resp. OB~) since the Scho~nflies 

conjecture is true in dimension n _-< 3. By Proposition 10, W is a punctured 

3-handle whose boundary is a 2-sphere, i.e. Wis just the manifold obtained by 

taking the interior of  one 3-ball out of  k(Sl@ S 2) for some integer k _-> 1. This 

implies that M 3 is homeomorphic to k(S l @S  2) as requested. The reverse 

implication is trivial since 
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bo(S'®S °) = 3 and bo(M~#M2) < max{bo(Mt), bo(M2)} 

for any two n-manifolds (see also [KT], th. 2.5). • 

PROPOSITION 1 1. Let M 4 be a closed 4-manifold with H2(M)= 0. Then 
b0(M) = 3 i f f  M is homeomorphic to k(S l ® S 3) for some integer k > 1. 

PROOF. If  B = {B0, B~, B2} is a P0-ball covering of M 4, then we set W = 

Bo U B~ = M - Int(B2) and Q = Bo N B~ -- OBo N OBj. If we prove that 
H,(OQ) = 0, then the closed surface OQ is a disjoint union of 2-spheres 

imbedded into the 3-sphere OBo. Indeed we have 

H,(Q) = H,(Bo n B,) H2(Bo U B,) I/2(W) H2(M) = 0. 

If P = cl(OBo - Q; OBo), then the (M, V)-sequence of the pair (P, Q) implies 
that H~(OQ) ~- H I ( P ) •  H~(Q) ~-- H~(P). By the Alexander duality (see [Maun], 

th. 5.3.19), we obtain 

H~(P) = H~(OBo - Int(Q)) -~ Ht(Q) --- FH~(Q) ~ THo(Q) = O, 

whence H~(OQ) -- 0 as claimed. Further the 2-sphere components of  OQ are 
bicollared in OBo by the Scho~nflies theorem in dimension n _-< 3. By Proposi- 

tion 10, it foUows that W is a punctured 4-handle whose boundary is a 3- 
sphere. Thus W is just the manifold obtained by taking the interior of  one 4- 
ball out o f k ( S  ~ ® S  3) for some integer k > 1. This implies that M 4 is homeo- 
morphic to k(S t ® S  3) as requested. The sufficient condition is proved as 

shown in the previous proposition. • 

PROPOSITION 12. 

(a) I f  M 4 is a closed non-trivial handle tree 4-manifold with H2(M) = 0, then 
4 < b o ( g )  < b~(M) -- 5. 

(b) Let M 3 be a 3-dimensional homology sphere. Then bo(M 3 X S ~) = 3 i f f  
M a is trivial. 

(c) I f  cat(M × S ~) -- bo(M X S ~) for any homotopy 3-sphere M, then the 
3-dimensional Poincard conjecture is true. 

PROOF. 

(a) Use Propositions 9 and 1 I. 
(b) By the Kunneth formula, we have H2(M 3 × S ~) -- H2(M 3) (D H~(M 3) -- 0 

so that the statement follows from Proposition 1 I. 

(c) For a homotopy sphere M, we have cat(M) = 2 and cat(M × S ~) >- 3. 

Further, the inequality 
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cat(M X S ~) < cat(M) + cat(S ~) - 1 = 2 + 2 - 1 = 3 

(see IF, p. 349]) yields cat(M × S ~) = bo(M × S l) = 3. Thus (c) is a conse- 

quence of  (b). • 

PROPOSITION 13. Let M ~ be an n-manifold (n > 7) with non-empty bound- 

ary which is the union o f  two n-balls Bo, B~ with disjoint interiors. Suppose that 

Bo tq B~ = aB0 f~ OB~ is an (n - 1)-manifold whose boundary components are 

simply connected and bicollared in aB0 (resp. aB0. I f  Hq(M) = O, 2 < q <= 

n - 2, then M is a punctured n-handle. 

PROOF. With the notation of  Proposition 11, let Q be the (possibly 

non-connected) (n - 1)-manifold B0 N Bl and P -- cl(OB0 - Q; OB0). Since 

Hq(Q) = Hq(Bo f~ B~)~  Hq+~(Bo O B~) "" H q + l ( M  ) = O, 

l < q < n - - 3 ,  

the (M, V)-sequence of  the pair (P, Q) give Hq(OQ) -.~ Hq(P) ~)Hq(Q) ~ Hq(e) 

if 1 < q < n - 3. By the Alexander duality, we get 

Hq(OQ) ~ Hq(P) ~ Hq(OBo - Int(Q)) 

~-- H n -q -~(Q) ~ FH~ _q _ ~(Q) ~ THn _q_2(Q) ---- 0 

if  2 < q < n - 3. Now the Hurewicz theorem implies that the components of  

OQ are homotopy ( n -  2)-spheres since they are simply connected and 

Hq(OQ) = 0 (1 < q < n - 3). For dimension n - 2 > 5, these components are 
just ( n -  2)-spheres which are bicollared in 0Bo (resp. OBi) (see [Z], the 

generalized Poincar6 conjecture). As a consequence of  Proposition 10, it 
follows that M is a punctured n-handle. • 

6 .  C a l c u l a t i o n s  

In this section we calculate the category and the covering numbers for many 

closed manifolds. First we recall a classical definition and some well-known 

results about category of  manifolds (see [F], [LS]). 

Let M n be a closed n-manifold and let 

M o C M ,  C . . . C M k = M  

be a sequence of  submanifolds of  M with dimensions 

O ~ n o < n l  < . . .  < n k  = n  
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respectively. This sequence is said to be an S-sequence of  length k + 1 in M if  

the inclusion induced map  

M,,_,,_,(M~; Z2) ---' H,,_,,_,(M; Z2) 

is a monomorph i sm for every i E N~k_ 1. 
I f  there is an S-sequence of  length k + 1 in a closed n-manifold  M", then 

cat(M) > k + 1 (see [F], th. 29.3; 29.4, p. 358; [LS], p. 40). 

Further,  if  M, (i = 1, 2) is a closed manifold  having an S-sequence of  length 

ki + 1, then cat(M~ X Ms) < kt + k2 + 1 (see IF], 30.2, p. 359). 

PROPOSITION 14. Let KP" denote one of  the three spaces RP" (real projec- 
tire n-space ), CP" (complex projective n-space ) or HP" ( quaternionic projective 

n-space). Then we have 
(1) cat(KP") = C(KP") = b0(KP") = n + 1, 
(2 )  c a t ( K P " ,  X . . .  X K P " , )  = C ( K P " ,  X . . .  × K P " , )  

= ho (KP"'  X • • • X K P " , )  = n t  + n~ + • • • + n ,  + 1, 

(3) cat(S p, X . . .  X S p,) = C(S p, X . . .  X S p,) 

= h o ( S  p, × -- - ×  S p,) = t + 1, 

(4) cat(KP", × . . .  × KP", X S ~, X . . -  X S p,) 

= C(KP", X . . .  X KP", X SP, X . . .  X S  p,) 
= bo(KP", X • • • X KP", X S p, X • • • X S',) 
=n~ + n 2 +  - -  • +n~ + t  + 1. 

PROOF. 

(1) Obviously  cat(KP") >_- n + 1 since KP" admits  an S-sequence 

K P °  C K P I  C - . -  c K P "  

of  length n + 1 (compare [F], 31.1, p. 359 for K = R).  N o w  RP"  (resp. CP", 
HP") is a CW-complex  with one cell o f  d imension i (resp. 2i, 4i) for each 

i E N , .  Thus RP"  (resp. CP", HP") has a handle decomposi t ion  with one 

handle of  index i (resp. 2i, 4i) for each i E N , .  By using th. 2.7 o f  [KT], p. 136, 

we get ho(KP") _-< n + 1, and therefore (1) is proved.  

(2) Since each projective ni-space KP", admits  an S-sequence o f  length 

ni + 1, we have 

c a t ( K P " ,  X • • • × K P " , )  _>- n~ + n2 + • • • + ns + 1. 

N o w  we recall that 
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_s 
bo(g,  × . .  • × g , )  ~ ~ bo(MD - s + 1 

holds for any manifolds M I ,  g 2 . . . . .  M s. (see [T1], th. 1, p. 113). Thus we have 

nl + n2 + • • • + ns + 1 ~ cat(KP n, × • • • × KPn,) 

C(KP ~, × • . .  × KPn,) ~ b0(KP ~, × • . .  × KPn,) 

<_- ~ bo(KP ~,) -s + I 
i=I 

= ~ ( n i + l ) - s + l = n l + n 2 + . . . + n , + l  
i = 1  

as requested. 
(3) See [F], p. 350 and [T1], corollary 1, p. 113. 

(4) Use th. 1 [T 1 ], p. 113 and recall that KP", (resp. SP,) has an S-sequence of  

length n~ + 1 (resp. 2). • 

PROPOSITION 15. 

(a) Let M 4 be a smooth non-trh:ial simply connected closed 4-manifold. Then 

there exist integers k and h such that 

cat(M # k( Ce2) # h( - Cp2)) = C(M # k( Cp2)# h ( - Cp2)) 

= bo(M#k(CP2)#h(  - Cp2)) = 3. 

(b) I f  V is a non-trivial non-singular hypersurface o f  CP 3, then 

cat(V) = C(V) = b0(V) = 3. 

PROOF. 

(a) For such a manifold M, there exist integers k and h such that 
M 4 # k ( C P 2 ) # h ( -  CP 2) is a connected sum whose factors are either CP 2 or 

- CP 2 (see [Maund], corollary 1.6). Now use Proposition 14 and th. 2.5 of  

[KT] to obtain the assertion. 

(b) It is well-known that Vadmits a special handlebody decomposition with 

one handle of  index 0, fl~(V) ~ 0 handles of  index 2 and one handle of  index 4 

(see [Mand], p. 59). Here fl2(V) denotes the 2nd Betti number of  V. Thus the 

result is proved by using th. 2.7 [KT], p. 136. • 

PaOFOSI'rION 16. Let F and F' be non-trivial cltised (orientable or not) 

surfaces. Then we have 
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(1) cat(F X F')  = C(F X F')  = bo(F X F')  = b~(F × F')  -- 5, 
(2) cat(F × S 2) = C(F X S 2) = bo(F X S 2) = 4 and b~(F X S 2) = 5. 

PROOF. If F is an orientable (resp. non-orientable) surface of  genus g (resp. 

h), then HI(F; Z2)--~ 2gZ2 (resp. HI(F; Z2)--~ hZ2). 
Let F~ be a circle in F representing an element of  a base of  H~(F; Z2) and let 

F0 be a point of  Fv It is very easy to see that F0 C FI c F2 = F i s  an S-sequence 

in F and therefore we have 

5 < cat(F X F') _-< C(F × F')  < b0(F X F')  

_-< bo(F) + b0(F') - 1 = 5 

as requested. 
Noting that the 2-sphere S 2 has an S-sequence of length two, it follows that 

4 < cat(F X S 2) _-< C(F X S 2) _-< bo(F X S 2) 

_-< bo(F) + bo(S 2) - 1 = 4 

Finally b~(F X S 2) = 5 since HE(F X S 2) = H2(F)~Ho(F) is not null (also 

compare Proposition 7). • 

PROPOSITION 17. Let M 2n be a smooth non-trivial (n - 1)-connected closed 
(2n)-manifold (n > 3). Then we have 

cat(M) = C(M) = b0(M) -- 3. 

Further, i f  B = (Bo, B~, B2} is a Po-ball covering of  M, then Hq(Bo N B~ N B2) --~ 
Hq(B,•Bj)=O for l < q < n - 2  ( i ~ j ) ,  H,_~(B~NBj) '~H,(M) and 
H,_ ~(B0 A B~ r) B2)'~ H , ( M ) ~  H,(M). 

PROOF. Following [Sin], p. 39, let H(2n, k, n) be the set of  manifolds 

obtained from a (2n)-ball B 2" by attaching k handles of  index n. As proved in 

[Sm], th. 1.1, the manifold M with a (2n)-ball removed belongs to H(n) = 

I,.)k~_0 H(2n, k, n). 
By th. 2.7 [KT], we get 

eat(M) = C(M) = b0(M) = 3. 

Let now (i , j ,  h) be a permutation of Nz. The (M, V)-sequence of the pair 

(B~ UBj, Bh) gives Hq(B~ UBj)~--Hq_,(B~ ~Bj)~--O if 2 < q  < n  - 1 and 
H,,(B~ U Bj) ~-- H,_~(B~ N Bj) ~-- H,(M) "~ I-I,(M) by the Hurewicz theorem. 
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The (M,V)-sequence of the pair (Bof~B2, B, N B2) implies that 
Hq_ ,(B0 tq B,  N B2) = 0 i f  2 < q < n - 1 and 

H~_ t(Bo N Bt N Be)"~ H._  ~(Bo A B2)~H~_ ,(B, N B2)~ I I . ( M ) ~  II . (M) 

as requested. • 

Now we conclude this section with some applications about the category of 
closed 3-manifolds. In particular, as a direct consequence of  our results, we 
give an alternative simple proof  of th. 5.1 [Si], p. 409 (compare Proposition 20, 
point (1)). 

PROPOSITION 18. Let M 3 be a closed 3-manifoM. Then cat(M) = 3 iff M is 
homeomorphic to Y~# k(S 1 @ S2) for some integer k > 1 where Y. is a homoto10y 

3-s10here. 

PROOF. As proved in [Ta], prop. 2.4, p. 201, if cat(M) = 3, then Madmi t s  a 
Lusternik-Schnirelmann filling {Q0, QI, Q2}, that is, a covering of M with 
bordered contractible 3-manifolds whose interiors do not intersect. 

Obviously OQi (i = 0, 1, 2) is the 2-sphere since Qi is a contractible 3- 
manifold with non-empty boundary. Thus the Van Kampen theorem implies 

that Ill(M) = I-Ii(Q0 ) * Ill(Q, tJ Q2) = I-ll(Qt u 02). 
Since Q~ and Q2 are contractible, the group HI(M)--~ Il~(Q~ u Q2) is just a 

free group whose rank is given by the number  of  connected components  of  
QI N Q2 minus one (use the Van Kampen theorem too). Then M i s  homeomor-  
phic to the connected sum E # k ( S  1 @ S  2) for some integer k > 1, where E is a 
homotopy 3-sphere (see [H], th. 5.3, p. 57). Now the proof  is completed since 
the converse implication is trivial. • 

PROPOSITION 19. 
(1) I f  M 3 is a closed handle free 3-manifold which contains no fake 3-cells, 

then cat(M) = 4. 
(2) I f  M 3 is a large Seifert manifold, then cat(M) = 4. 
(3) I f  L(10, q) is the lens space of ty10e (10, q), lO > 1, then cat(L(p,  q)) -- 4. 

PROOF. The proofs are direct consequences of  Proposition 18. • 

PROPOSITION 20. 

(1) I f  M 3 is a closed 3-manifold with H~(M)~ 0 and H2(M)--0 ,  then 
cat(M) = 4 (see th. 5.1 [Si], p. 409). 

(2) I f  M 3 is a closed 3-manifold with H, (M)= 0 and H2(M) ~ O, then 
cat(M) = 4. 
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(3) I f  M 3 is a homology 3-sphere with I l l (M ) ~ 0, then ca t (M)=  4. In 
particular, the category o f  the Poincar~ manifold is four. 

PROOF. 
(1) Suppose that cat(M) _-< 3. Then cat(M) = 3 since M is not a homotopy 

sphere. If H2(M)= 0, then M is orientable, whence H~(M)"~H2(M)~-~ 
FH2(M) ~) THe(M) ~-- THe(M) 4~ 0, a contradiction since H~(M) is a free group 

whenever cat(M) = 3. 
(2) As shown in (1), suppose that ca t (M)=  3, i.e. M ' - , E # k ( S I ~ S  2) for 

some integer k >_- 1. Then M "-- X as H~(M) = 0, whence cat(M) = 2, a contra- 

diction. 
(3) The proof is similar to the one given in (2). • 

PROPOSITION 21. For any closed 3-manifold M a with cat(M) = 4 we have 

cat(M × S ~) = C(M × S 1) = b0(M X S ~) = bl(M )< S 1) = 5. 

PROOF. Using corollary (6.7) [Si], p. 412, we get cat(M × S l) = cat(M) + 

1 -- 5 since cat(M) -- 4 > (dim(M) + 5)/2. This implies the statement. • 

PROPOSITION 22. 
(1) I f  RP 2 is a real projective plane imbedded in a closed 3-manifold M, then 

cat(M) = 4. 
(2) I f  M,  M'  are closed 3-manifolds which contain real projective planes, then 

cat(M × M')  = C(M × M')  -- b0(M × M')  -- bl(M × M') = 7. 

PROOF. 
(1) By lemma 5.1 [H], p. 56, the inclusion induced map HI(Rp2; Z2) 

Ht(M; Z2) is a monomorphism. 
Let Ml be a circle in RP 2 representing the generator ofH~(RP2; Z2) --~ Z2 and 

let M0 be a point of  MI. 
Obviously M0 c MI C M2 = RP 2 C M 3 = M is an S-sequence of length four 

in M, whence cat(M) = 4. 
(2) Since M and M'  have S-sequences of length four, it follows that 

cat(M X M') >_- 7, as claimed. • 

7. Critical points of a Morse function 

In this section we prove some results about the minimum number of  critical 
points (resp. values) of  Morse functions on a closed smooth manifold. 
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As general references about Morse theory we refer to [Maz], [Mil], [MC]. 
Here we recall some definitions and notations. 

Let M n be a closed smooth n-manifold and let f :  M , R be a smooth 
real-valued function defined on M. A point p ~ Mis  said to be a criticalpoint of 
f if and only if (df)p = 0, i.e. 

P P 

with respect to a local coordinate system (X l , . . . ,  xn) around p.  The real 
number  f (p )  is called a critical value of the function f .  

A critical point  p is said to be non-degenerate iff the matrix 

OxiOx j/p 

is non-singular. It is well-known that non-degeneracy does not depend on the 
local coordinate system around p.  Further non-degenerate critical points are 
isolated (see [Mill, corollary 2.3, p. 8). 

A smooth function f :  M , R is called a Morse function iff all its critical 
points are non-degenerate. 

By the compactness of  M,  the number  of  critical values (resp. points) o f f ,  

written It~(f)  (resp. FM(f)), is finite. 
Following [Mil, p. 49 (resp. [Ta], p. 198), let It(M) (resp. F(M)) be the 

min imum,  over all Morse functions f on M,  of the integer numbers ItM(f) 
(resp. Fu(f)), i.e. 

It(M) = min{itM(f)/f: M , R is a Morse function}, 

F(M) = min{FM(f)/ f:  M , R is a Morse function}. 

The following results are well-known: 

PROPOSITION 23. 

(1) REEB THEOREM. Let M ~ be a closed smooth n-manifold. Then It (M) = 

2 (resp. F(M) = 2) i f f M  is trivial ([Mill, th. 4.1, p. 25). 
(2) I f  M n is a closed smooth n-manifold, then 

cat(M) < C(M) < It(M) < n + 1 

([Mi], th. 1, p. 49). 
(3) Let M 3 be a closed smooth 3-manifold. Then It(M) = 3 (resp. F(M) = 3) 
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iff M is homeomorphic to k(S ~ ® S  2) for some integer k >_- 1 ([Ta], 3.3, 
p. 208). 

In order to prove the main result of  this section, we need the following 
lemma: 

LEMMA 24. Let M n be an n-manifold with non-empty boundary and 
b0(M) < k. I f  hTI ~ is an n-manifold obtained from M by attaching mutually 
disjoint handles of  various indices on OM, then b0(2Q) < k + 1. 

PROOF. The statement is a simple Consequence of th. 2.7 [KT]. Here we 

include the proof to make the reading clear. 

Let B = {BI, B2 . . . . .  B t }  be a P0-ball coveting of M such that card(B)= 
bo(M) = t < k. Suppose that 2Q is obtained from M by attaching r mutually 
disjoint handles 

H f ' , n ~ ' , . . . , H f ,  

of  (possibly different) indices Pl, P2 . . . . .  p,, respectively. 

Let a~, a2, • • •, a t - i b e  pairwise disjoint proper arcs in the closure 

i--1 j - - I  

such that the union 

is connected. 

t - - I  

Ua, u O n:' 
i --I  j - - I  

• • t - - I  

IfN(O~2~ ai; M) is a regular nelghbourhood of  the umon Ui = ~ aiin M, then 

i --I  j - - I  

is an n-ball in 2~t. Now we define B: = cl(B~ - B6) for each i EN~t. 

By construction each B[ is an n-ball in k~t. Moreover the collection B' = 

{B[/i E Nt} is a P0-ball coveting of  M. Now the proof is completed since 

bo(214) < card(W) = t + 1 _-< k + 1. • 

PROPOSITION 25. Let M be a closed smooth n-dimensional manifold. Then 
we have 
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cat(M) _-< C(M) --<_ b0(M) _--< u(M)  < F(M) _-< n + 1. 

PROOF. The sequence of  inequalities cat(M) < C(M) _-</z(M) _-< n + 1 was 
proved in [Mi], th. 1, p. 49. Furthermore F(M) < n + 1 as shown in [Ta], p. 

198. By definition the inequality C(M) _-< b0(M) is trivial. 

In order to prove that / t (M) < F(M), let P0, Pt, . . . .  Pr be the critical points 

of  a Morse function f o n  M such that F(M) = F ~ ( f )  = r + 1. 

If  Co < c~ < • • • < ct are the critical values o f f ,  then we have t < r, whence 

/z(M) < t + 1 < r + 1 = F(M) as requested. 

Now it remains to prove that b0(M) < # (M). 
The proof  is obtained by means of  a simple modification of  the method 

described in the proof of  th. 1.1, [Mi]. Here we use also the previous Lemma 

24. Following [Mi], th. 1.1, let Co < c~ < • • • < ct be the critical values of  a 

Morse funct ionfon M such that g(M) = g ~ ( f )  = t + 1. We can always assume 
t h a t f  has only one critical point p with critical value Co. The index o f p  is zero 

(see [Mi], p. 50). 
Recall that a non-degenerate critical point p is said to have index 2~ iff for 

some local coordinate system (x~, x ~ , . . . ,  x,)  around p we have 

f ( x , , . . .  , x , ) = f ( p ) - ( x O  2 . . . . .  (x~)2 + (xa+,)2 + " ' "  + ( x , )  2 

where 2 ENn and p = ( 0 , . . . ,  0). 
If  co < a < c,, then M" = f - 1(( _ ~ ,  al) is an n-ball in M,  whence bo(M a) = 

1. By induction, we suppose that b0(M b) < k whenever Ck-t < b < Ck and 

1 < k ~ t -  1. The statement will be proved once we have shown that 

bo(Ma) < k + 1 i fck < d < C k + ~ .  
Indeed we have bo(M) < t + 1 = /z(M) in the last step. 

By [Mil], th. 3.1, th. 3.2, p. 14, Remark p. 17, [Mi], th. 1, p. 50, the manifold 
M d is obtained from M b by attaching mutually disjoint handles of  various 

indices. 
In fact, let p~, P2 . . . . .  p, be the critical points of  f with critical value Ck. It is 

well-known that passing a critical point Pi of  index 2; corresponds to attaching a 

handle 

H:, = B a, X B"-~, 

of index 2~ to M b (see the quoted papers). These handles of  various indices can 

be assumed to be pairwise disjoint. By Lemma 24 and the inductive hypothesis 

bo(M b) < k,  it follows that b0(M d) _-< k + 1. This concludes the proof. • 

By using Proposition 25, we can directly obtain some bounds or the exact 



302 A. CAVICCHIOLI Isr. J. Math. 

values of the invariants #(M) and F(M) for any closed smooth manifold M 
which satisfies any of the statements listed in Section 6. 

Now we conclude this section with some applications of  Proposition 25. 
First we give an alternative simple proof  of th. 3.3 [Ta], p. 208 (also compare 
Proposition 23, point (3)). Finally, the following Proposition 26 is an imme- 
diate consequence of  Proposition 25 and of[Mi] (th. 2, th. 3, th. 6, lemma 4.1). 

STATEMENT (3). PROPOSITION 23. An alternative simple proof. 

PROOF. If F ( M ) =  3 (resp. # ( M ) =  3.), then b0(M)_-< 3 (see Proposition 
25). If  b0(M) = 2, then M is the 3-sphere so that the Reeb theorem gives 

F(M) = # ( m )  = 2, 

a contradiction. Thus the result b0(M) = 3 implies that M is homeomorphic  to 
k (S  l ~ S  2) for some integer k >_- 1 (see Proposition 1, point  (e)). • 

PROPOSmON 26. 
(1) Let M" be a closed smooth n-manifold (n > 5). I f  M is simply connected, 

then 

cat(M) _-< C(M) _-< b0(M) _-</z(M) _-< n - 1. 

(2) Let M~ be an orientable closed smooth n-manifold (n >-_ 3). Then M1 

cobounds a closed smooth n-manifold M2 with 

cat(M2) < C(M2) < bo(M2) < #(ME) < n - -  1. 

(3) Let M" be a closed smooth n-manifold. I f  there exists an S-sequence 

m o c m i c  . . .  c m n = m  

with length n + 1 and d im(Mi)=  i ENd, then 

cat(m) = C(M) = b0(M) = b~(M) = # ( m )  = F(M) = n + 1. 

(4) Let M ~ be a closed smooth n-manifold. I f  there exists x E H~(M; Z2) with 

cup product x ~ ~ 0 (x ~ = x U • • • U x ,  n times), then 
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c a t ( M )  = C ( M )  = b o ( M )  - -  h i ( m )  =/~(M) = F ( M )  = n + 1. 
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